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equation.1. INTRODUCTION AND RESULTS
In the present paper, we shall consider arithmetic properties of functions




z ¼ ðz1; . . . ; zlÞ and I ¼ ði1; . . . ; ilÞ 2 Zl we denote
%
zI ¼ zi11    zi1l ; jI j ¼ i1 þ    þ il :
Furthermore, for
%
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AMOU AND VA¨A¨NA¨NEN90Note that D has the inverse D1 deﬁned by
D1
%
z ¼ ðq11 z1; . . . ; q1l zlÞ:
Let now f1ð
%
zÞ; . . . ; fmð
%


















zÞ; i ¼ 1; . . . ;m; ð1Þ
where
%
s ¼ ðs1; . . . ; slÞ with positive integers sk;
ai 2 Q	; aiaaj
%
qJ for all iaj; J 2 Zl ;




0Þa0; degzi p4si; pið
%
zÞc0:























sÞn1; i ¼ 1; . . . ;m:
In one variable case l ¼ 1 Duverney [7] considered the case m ¼ 1 and
proved irrationality of f1ðaÞ; if q1 2 Z; jq1j > 1; and a 2 Q	: This result was
then extended and quantiﬁed in [1] to any algebraic number ﬁeld K under
certain condition on q; for applications see [2, 3]. Very recently one of us [8]
obtained a linear independence measure of 1; f1ðaÞ; . . . ; fmðaÞ; both in the
archimedian and p-adic cases. In particular, a quantitative
q-analogue of Lindemann–Weierstrass theorem was proved. For general
qualitative linear independence results of q-exponential function we also
refer to [4].
We now use the ideas of [8] to consider the many variable case l52: In the
following, we assume that q1; . . . ; ql are rational integers satisfying the
conditions:
(i) jq1j > jq2j >    > jql j > 1;
(ii) q1; . . . ; ql are multiplicatively independent,
(iii) ð1þ 1
m
Þ1=l log jql j > log q˜; q˜ ¼ l:c:m:fq1; . . . ; qlg:
Then we have the following result.
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%





a 2 ðQ	Þl satisfy pðDk
%
aÞa0; k ¼ 1; 2; . . . : Then 1; f1ð
%
aÞ;
. . . ; fmð
%
aÞ are linearly independent over Q and there exists a positive constant
C depending on ð1Þ and
%
a such that
log jh0 þ h1f1ð
%
aÞ þ    þ hmfmð
%
aÞj > Cðlog HÞ2l=ðlþ1Þ
for all ðh0; h1; . . . ; hmÞ 2 Zmþ1 with H ¼ max jhij52:
Remark. If l ¼ 2 and q1 ¼ 2q; q2 ¼ q; where q is an odd integer
satisfying jqj> 1; then condition (iii) is true for all jqj57; jqj527 or jqj589;
if m ¼ 1; 2 or m ¼ 3; respectively.
For an application of this Theorem, we denote by Q1; . . . ;Qr power-
products
Qi ¼ q%sIðiÞ; i ¼ 1; . . . ; r;
where Ið1Þ ¼
%
0; IðiÞaIð jÞ for all iaj; and the components of each IðiÞ ¼
ði1; . . . ; ilÞ satisfy
04ij4sj; j ¼ 1; . . . ; l:
We may assume that jQ1j > jQ2j >    > jQrj51: Then we have the
following.
Corollary. Let ai 2 Q x; i ¼ 1; . . . ;m; be such that aiaaj
%
qJ for all iaj,
J 2 Zl . Let bi 2 Qx; i ¼ 1; . . . ; r; be such that
AðkÞ ¼ b1Qk1 þ    þ brQkra0; k ¼ 1; 2; . . . :
Assume that either jQrj > 1 or Qr ¼ 1 and aiabr
%
qJ for all i ¼ 1; . . . ;m and
J ¼ ð j1; . . . ; jlÞa
%









then the numbers 1; f ða1Þ; . . . ; f ðamÞ are linearly independent over Q and
satisfy the estimate of the Theorem, where fið
%
aÞ are replaced by f ðaiÞ;
i ¼ 1; . . . ;m (if n ¼ 0; then Qnk¼1 AðkÞ is defined to be 1).
Our Corollary gives a quantitative reﬁnement for some cases of Be´zivin’s
[5] general result. The recent work of Bundschuh and Wallisser [6] considers
the case, where Q1; . . . ;Qr in AðkÞ are multiplicatively independent, and
AMOU AND VA¨A¨NA¨NEN92they have the bound Cðlog HÞ2r=ðrþ1Þ instead of our Cðlog HÞ2l=ðlþ1Þ: In
our case Q1; . . . ;Qr need not be multiplicatively independent, but they must
be power-products of multiplicatively independent qi satisfying (i)–(iii)
above. In [6] there are some other restrictions to Qi: It would be of interest
to ﬁnd a method giving a quantitative linear independence measure for the
general result of [5].
2. PRELIMINARIES
We ﬁrst give some preliminary properties of the functions fið
%
zÞ: The ﬁrst








zI ; i ¼ 1; . . . ;m: ð2Þ
Lemma 2.1. There exist a constant C > 0 and an integer D > 0 depending
only on pð
%
zÞ and ai; pið
%
zÞ; i ¼ 1; . . . ;m; such that, for all I ¼ ði1; . . . ; ilÞ and
i ¼ l; . . . ;m;







k fi;I 2 Z:
















where I0 ¼ ð0; . . . ; 0Þ; aI0a0: Then functional equation (1) implies for all
i ¼ 1; . . . ;m and I ;









qIj fi;IIj  bi;I
%
qI ; ð3Þ
where bi;I ¼ 0; if IaJj; j ¼ 0; 1; . . . ;VðiÞ; and fi;IIj ¼ 0; if some component
of I  Ij is negative. From these recursive formulae, we immediately see, by
induction, that Lemma 1 holds, if we choose
C ¼ maxfCig; D ¼ l:c:m:fDig;
where, for each i ¼ 1; . . . ;m;
Ci ¼ ðU þ 2Þja1I0 jmaxfjaij; jaI0 j; . . . ; jaIU j; jbi;J0 j; . . . ; jbi;JVðiÞ jg;









; u ¼ 0; 1; . . . ;U ; v ¼ 0; 1; . . . ;VðiÞ: ]
We shall also need the following
Lemma 2.2. If fið
%
zÞ is a rational function, it is a polynomial.















zÞ has no factors of the






















zÞ is divisible by Bð
%



























qI0 ¼ ccI0 ; cI1
%





is a contradiction with our assumption on multiplicative independence
of q1; . . . ; ql : ]
3. AUXILIARY FUNCTIONS



















zÞ ¼ minfjI j j cIa0g:
From now on let us use O-symbol, in which implied constants depend only
on l;m;
%




a ¼ ða1; . . . ; alÞ is an arbitrarily given
element of ðQ	Þl :
AMOU AND VA¨A¨NA¨NEN94Lemma 3.1. Let d; 0odo1; satisfy
ðm þ 1Þml  mðm þ 1 dÞl > 0: ð4Þ
















such that bI ; ci;I 2 Z satisfy


















aÞj4 ks log jql j þ Oðn2Þ ð7Þ
for all k satisfying
C maxfjaijgojql jk=2;
where C is a constant given in Lemma 2.1.













bJfi;IJ þ ci;I ; ð8Þ
ci;I ¼ 0; if jI j > mn; and fi;IJ ¼ 0; if I  J has a negative component. To
satisfy condition (6) we must have
ri;I ¼ 0; i ¼ 1; . . . ;m; jI j4ðm þ 1Þn  ½dn:
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M ¼ m ðm þ 1Þn  ½dn þ l
l
 !
linear homogeneous equations in
N ¼ ðm þ 1Þ mn þ l
l
 !







we obtain a system with integer coefﬁcients. Since




Siegel’s lemma and (4) imply the existence of non-trivial integer solution
bJ ; ci;J satisfying
log maxfjbJ j; jci;J jg ¼ Oðn2Þ
which gives (5).



































ðCjql jk maxfjaijgÞjI j:



























zÞ; R0i ¼ Rið
%
zÞ:
By applying the operator D we deﬁne
Rjið
%




































These polynomials satisfy the following non-vanishing lemma.





























does not vanish identically.
Proof. We introduce the lexicographic order in Nl as follows. For
I ¼ ði1; . . . ; ilÞ and J ¼ ðj1; . . . ; jlÞ; I > J if and only if there exists an integer
t; 14t4l; such that in ¼ jn for n ¼ 1; . . . ; t  1; and it > jt: For




zI 2 Q½½z we deﬁne the index of F by
IðFÞ ¼ minfI j cIa0g;







































By Lemma 2.2, none of the functions fið
%














zJi þ    ; i ¼ 1; . . . ;m;
where J ¼ IðPÞ and Ji ¼ IðRiÞ; and let pð
%
0Þ ¼ ba0: From the above
expression of Rð
%
zÞ and recursive formulae (9) and (10) it follows that





zÞ is the determinant
a r1 . . . rm
0 a11 br1
%





























qJj for all iaj: This gives Lemma 4.1. ]
AMOU AND VA¨A¨NA¨NEN98For getting some numerical non-zero determinant RðDk
%
aÞ we need
Lemma 4.2. Let Fð
%









where L is a positive integer, Ij are distinct elements of N
l and cIj are rational
numbers, not all zero. Then, for any
%
a ¼ ða1; . . . ; alÞ 2 ðQ	Þl and any r 2 N;






Proof. Assume, on the contrary, that
FðDk
%
aÞ ¼ 0; k ¼ r; . . . ; r þ L:
































iaj by the multiplicative independence of q1; . . . ; ql : This is not possible,
which proves Lemma 4.2. ]
Since deg Rð
%
zÞ ¼ OðnÞ; Lemmas 4.1 and 4.2 imply immediately.
Lemma 4.3. If n is a positive integer, then there exists an integer k ¼ kðnÞ
satisfying nl4k ¼ OðnlÞ and RðDk
%
aÞa0:
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following, for simplicity, we use Oð*Þ in the exponent of integers to denote
* multiplied by a positive integer depending only on the quantities cited in
the beginning of Section 3.
















a: Further, if k satisfies the condition given after (7), we have
log jRjiðDk
%
aÞj4 ks log jql j þ Oðk þ n2Þ:






zÞ; i ¼ 1; . . . ; l;
and denote
%
u ¼ ðu1; . . . ; ulÞ: The following lemma is a generalization of
Lemma 5 of [8].


































































































qÞÞ 2 Z2; i ¼ 1; . . . ;m;







Proof. The ﬁrst equalities easily follow from the repeated application of
functional equations (1). The rest of the lemma then follows from the
explicit formulae for Mk and Nk;i: ]
6. MAIN PROOF
We easily deduce our theorem from the following
Proposition 6.1. For any sufficiently large positive integer n there exist
integers
Ui;Vji; i ¼ 1; . . . ;m; j ¼ 0; 1; . . . ;m;
such that the determinant
U0 V01 . . . V0m
U1 V11 . . . V1m
..
.




log maxfjUjj; jVjijg ¼ Oðn2lÞ; ðP2Þ
and, for Lji ¼ Ujfið
%
aÞ þ Vji;
log maxfjLjijg4 c1nlþ1 þ OðnlÞ ðP3Þ
with some positive constant c1:
Namely, let





aÞ; hi 2 Z;
ARITHMETIC PROPERTIES OF CERTAIN FUNCTIONAL EQUATIONS 101be a linear form with sufﬁciently large H ¼ maxfjhijg: For j ¼ 0; 1; . . . ;m
UjL ¼ h0Uj þ
Xm
i¼1









It follows from (P1) that Lja0 for some j; since ðh0; h1; . . . ; hmÞa
%
0: By


















4log H  c1nlþ1 þ c2nl :
We now ﬁx n to be the smallest positive integer satisfying
log Hoc1Nlþ1  c2Nl  log 2
for all N5n; and assume here H to be so large that we may apply the






o log 2; and jUjLj > 12:
Thus, by (P2),
log jLj > log 2 log jUjj > c3n2l :
By the deﬁnition of n
log H5c1ðn  1Þlþ1  c2ðn  1Þl  log 2;
and therefore
log jLj > c4ðlog HÞ2l=ðlþ1Þ:











































Let us choose k ¼ kðnÞ satisfying Lemma 4.3, and use Lemmas 5.1 and 5.2
to deﬁne the integers































Lji ¼ UjfiðaÞ þ Vji; i ¼ 1; . . . ;m; j ¼ 0; 1; . . . ;m:
We now show that conditions (P1)–(P3) of the proposition are satisﬁed.
At ﬁrst, by denoting
D˜ ¼ DOðnþkÞ1 q˜mnkþOðkÞDOðkÞ3 ;
we obtain
U0 V01 . . . V0m
U1 V11 . . . V1m
..
.























This proves (P1). Furthermore, (P2) follows from (10) and Lemmas 3.1, 4.3
and 5.2.
By the deﬁnition of Lji;














and therefore Lemmas 4.3 and 5.1 imply
log jLjij4  ks log jql j þ mnk log q˜ þ OðkÞ
4  mnk m þ 1 d
m
log jql j  log q˜
 
þ OðkÞ: ð11Þ






log jql j > 1:
Therefore, we may choose d in Lemma 3.1 in such a way that (4) is satisﬁed
and





Then the coefﬁcient of mnk in (11) is positive, and this gives (P3).












zÞ; i ¼ 1; . . . ;m:
Let
%
1 ¼ ð1; . . . ; 1Þ: If AðkÞa0; k ¼ 1; 2; . . . ; then
fið
%
1Þ ¼ f ðaiÞ; i ¼ 1; . . . ;m;



















zÞ is not a polynomial if IðrÞa
%
s: In the case IðrÞ ¼
%





zÞ were a non-constant polynomial, the
comparison of the coefﬁcients of highest degree terms on both sides of the
above functional equation implies ai ¼ brqJ for some J ¼ ðj1; . . . ; jlÞa
%
0 with
non-negative ji: Since this is not possible by our assumptions, fið
%
zÞ is not a
polynomial. Thus the Corollary is proved. ]
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